Bound state properties of the negatively charged Ps − ion (or e − e + e − ) are discussed. The expectation values of operators which correspond to these properties have been determined with the use of the highly accurate wave functions constructed for this ion. Our best variational energy obtained for the Ps − ion is E = -0.2620050 7023298 0107770 40051 a.u. Annihilation of the electron-positron pair(s) in the negatively charged Ps − ion (or e − e + e − ) is considered in detail. By using accurate values for a number annihilation rates Γ nγ , where n = 1, 2, 3, 4 and 5, we evaluated the half-life τ a of the Ps − ion against positron annihilation (τ a = 1 Γ ≈ 4.793584140 · 10 −10 sec). Photodetachment of the Ps − ion is considered in the long-range, asymptotic approximation. The overall accuracy of our photodetachment cross-section is very good for such a simple approximation.
I. INTRODUCTION
The main goal of this short communication is to perform computational and theoretical analysis of the annihilation of electron-positron pair(s) in the negatively charged Ps − ion.
Another aim is to evaluate the photodetachment cross-section of the Ps − ion in the longrange, asymptotic approximation. Our analysis is based on some recent results of highly accurate computations performed for the ground (bound) 1 1 S−state in the Ps − ion, which is also designated as the e − e + e − ion, or e + e − 2 ion. Stability of this three-body system was predicted by Ruark [1] . First variational calculations of the ground state in the Ps − ion were performed by Hylleraas in 1947 [2] . This ion is of interest in various branches of physics, including solid state physics [3] , astrophysics [4] , [5] , [6] , physics of high-temperature plasmas, etc. Note that the Ps − ion has been created experimentally by Mills almost forty years ago [7] . Review of the most recent experiments performed for the P s − ion can be found in [8] and [9] which also contain a large number of useful references.
As is well known from the general theory of bound states in the Coulomb three-body systems with unit charges [10] this ion has only one stable state, which is the ground 1 1 S−state, is the reduced Planck constant (also called Dirac constant) and m e is the electron mass and −e is the electric charge of an electron. In this equation and everywhere below in this study the subscripts 1 and 2 designate two electrons (e − ), while the subscript 3 always denotes the positron (e + ) with the mass m e (the same electron mass) and positive electric charge +e, or e. In addition to the 'numerical' indexes (1, 2, 3) in some cases we shall designate electrons by using the notaiton '-', while the notation '+' always means positively charged positron. In Eq.
(1) the notations r ij =| r i − r j |= r ji stand for three interparticle distances (= relative coordinates) which are the absolute values of differences of the Cartesian coordinates r i of the three particles. Note that each relative coordinate r ij is a scalar which is rotationally and translationally invariant. However, these coordinates are not truly independent, since e.g., | r 32 − r 31 |≤ r 21 ≤ r 32 + r 31 . This produces a number of problems for computations of three-particle integrals in these coordinates. To simplify such calculations it is better to apply a set of three perimetric coordinates u 1 , u 2 , u 3 which are simply related to the relative coordinates:
(r ik + r jk − r ij ), while inverse relations take the form r ij = u i + u j . Three perimetric coordinates u 1 , u 2 , u 3 are independent of each other and each of them varies between 0 and +∞. The Jacobian of the transition r jk → u i :
) is a constant which equals 2.
Note also that in this study only atomic unitsh = 1, | e |= 1, m e = 1 are employed. In these units the explicit form of the Hamiltonian H, Eq.(1), is simplified to the form
Note that the Hamiltonian, Eq.(2), does not contain any ratio of masses and/or electric charges. It follows from here that the Ps − ion plays a central role in the general theory of Coulomb three-body systems with unit charges (for more details, see, e.g., [10] ).
To solve the non-relativistic Schrödinger equation HΨ = EΨ for the Ps − ion, where 
where the notationP 12 stands for the permutation operator of identical particles, C i (i = 1, 2, . . . , N) are the linear parameters of the exponential expansion, Eq.(3), while α i , β i and γ i are the non-linear parameters of this expansion. The non-linear parameters must be varied in calculations to increase the overall efficiency and accuracy of the method. The best-todate optimization strategy for these non-linear parameters was described in [11] , while its modified version is presented in [12] . The 3N−conditions
. . , N must be obeyed to guarantee covergence of all three-particle integrlas needed in computations.
II. EXPECTATION VALUES
By using the highly accurate, variational wave function Ψ constructed for the ground 1 1 S−state of the Ps − ion we can determine the expectation value of an arbitrary, in principle, self-adjoint operatorX. This is written in the following general form
Formally, without loss of generality below we shall assume that our wave function has a unit norm, i.e. Ψ | Ψ = 1 (see, discussion in [13] ). The total energy is the expectation value of the Hamiltonian H, Eq.(1), i.e. E = Ψ | H | Ψ . The total energies E of the ground 1 1 S−state of the Ps − ion determined for different trial wave functions can be found in Table I .
Other possible choices of operatorsX in Eq.() lead to the different bound state properties, or properties, for short. A number of bound state properties were determined in earlier computations of the Ps − ion (see, e.g., [14] , [15] , [16] and references therein). In this study we present a large number of bound state properties of the Ps − ion determined to very high numerical accuracy ('essentially exact'). They can be found in Table II (in atomic units).
Physical meaning of many of these properties is clear from the notations used in Tables I   and II . For instance, the notation r ij stands for the expectation value of the linear distance between particles i and j. Another notation δ ij = δ(r i −r j ) denotes the expectation value of the (Dirac) delta-function between particles i and j, while
is the expectation value of the triple delta-function. In general, the expectation value of each delta-function is the probability to locate two (or three) particles inside of one small sphere with the radius R ≈ Λ e = αa 0 , where Λ e is the Compton wavelength of electron,
is the fine structure constant and a 0 is the Bohr radius (see below).
For the Ps − ion the expectation value of the electron-positron delta-function δ +− determines a number of annihilation rates, including the two-and three-photon annihilation rates (see below). The expectation value of the triple delta-function δ 321 = δ +−− is important to predict the one-photon annihilation rate Γ 1γ . It is clear that some reliable criteria are needed to check the overall quality of the computed expectation values of delta-functions.
In reality, we can introduce such criteria by considering the coincidence of the computed and predicted cusp values between each pair of particles. It was shown in early papers on Coulomb systems, including atoms and molecules [17] , [18] , that the following expectation value:
is always finite and its numerical value equals to q i q j
, where q i , q j are the corresponding electrical charges of particles, while m i , m j are their masses. The expectation value ν ij is called the cusp between two Coulomb particles i and j. The coincidence of the computed expectation value of the cusp ν ij = ν ij with its expected value, i.e. with q i q j
indicates the overall quality of the expectation value of the inter-particle delta-function.
In actual applications to Coulomb systems this criterion works very well. Our computed and expected cusp values are presented in Table II . As one can see from Table II numerical coincidence between the predicted and computed expectation values of the electron-positron and electron-electron cusps can be considered as very good. The predicted value of the electron-positron cusp for the Ps − ion equals -0.5 a.u., while for the electron-electron cusp one finds 0.5 a.u. Unfortunately, there is no similar criterion for the triple delta-function δ 321 , since the corresponding 'three-particle cusp' is infinte for an arbitrary Coulomb system (see, e.g., [19] , [20] and references therein). However, for trial functions with the finite number of regular (or non-singular) basis functions the three-particle cusp ν 123 can be defined (this value is finite) and used in computations [20] .
The notations τ ij stand for the expectation values of the interparticle cosine-functions which are defined traditionally:
where (i, j, k) = (1, 2, 3), while the notation r ik ∧ r jk denotes the angle between the two vectors r ik and r jk . For the Ps − ion there are two independent τ ij values, i.e. τ 21 (or τ −− )
and τ 31 (= τ 32 , or τ +− ). These two values are shown in Table II . For an arbitrary three-body system the sum of the τ 21 , τ 31 and τ 32 values is represented in the form
where the notation f is the following expectation value 
where r 32 , r 31 , r 21 are the three relative coordinates and u 1 , u 2 , u 3 are the three perimetric coordinates, respectively. For the symmetric two-electron Ps − ion the equality, Eq. (7), takes the form τ 21 + 2τ 31 = 1 + 4 f . In applications to real systems the equality, Eq. (7), can be considered as an additional test of the trial wave function. Indeed, the expectation values in the both sides of Eq. (7) can be computed separately. The coincidence of the results in both sides of Eq. (7) indicates correctness of the procedure used.
In general, there are a number of additional equalities for the expectation values determined for an arbitrary three-body system (or few-body system). 
and
For the Ps − ion the first and second expectation values in the right-hand side of Eq.(11) are equal to each other (particles 1 and 2 are identical electrons). Therefore, in this case one Note also that numerical evaluations of the relativistic and lowest-order QED corrections for the Ps − ion can be found in [16] (see also [21] ). It should be mentioned, however, that such evaluations were not completed. Moreover, some of the values determined in [16] must be re-calculated to better accuracy and with the use of different algorithms. It is also clear that by using our current methods we cannot finish our numerial evalution of the lowest-order QED correction for the Ps − ion, since this ion has no infinitely heavy, central nucleus. This problem is briefly discussed in the Conclusion.
III. POSITRON ANNIHILATION
Now, let us discuss the process of positron annihilation, or annihilation of the electronpositron pair(s), in the three-body Ps − ion. As mentioned above this process is of great interest in numerous applications, including astrophysics, solid state physics, etc. It is also important for workability of many technical devices, e.g., modern communication devices.
In the general case, annihilation of the electron-positron pair(s) in the Ps − ion proceeds with the emission of a number of photons (see, e.g., [22] , [23] ), e.g.,
where γ k (k = 1, . . . , K) are the emitted photons and K is the maximal number of such photons. Each of the annihilation processes has its unique annihilation width, or annihilation rate Γ kγ . For the Ps − ion the following annihilation rates are important in applications:
Γ 2γ , Γ 3γ , Γ 4γ , Γ 5γ and Γ 1γ (here they are ordered by their numerical values). Formulas for these annihilation rates were discussed in a number of earlier studies (see, e.g., [16] and [21] and references therein). For instance, the known analytical expression for the Γ 2γ rate is written in the form includes the lowest-order radiative correction [24] (or QED correction in modern language).
By using this formula for the Γ 2γ rate we can evaluate the four-photon annihilation rate Γ 4γ , since the relation between these two values takes the form [30] Γ 4γ (Ps
This formula is based on the result from [26] for an isolated electron-positron pair (e + , e − ).
The idea that all annihilation rates with even number of photons are related with each other was proposed by Ferrante in 1969 [27] . Later, it was found that this idea is correct in application to the Ps − ion and other polyelectrons. Furthermore, the same idea is also correct for annihilation rates with odd numbers of the emitted photons.
The three-photon annihilation rate Γ 3γ (Ps − ) is ≈ 1000 times smaller than the two-photon annihilation rate Γ 2γ (Ps − ). The corresponding analytical expression for Γ 3γ (Ps − ) is [16] Γ 3γ (Ps
This formula allows one to evaluate the five-photon annihilation rate in the Ps − ion. Indeed, by using the formula from [26] one finds the following result
As follows from Eq. (14) and Eq.(16) the Γ 4γ (Ps − ) and Γ 5γ (Ps − ) annihilation rates are substantially (in ≈ 10 5 times) less than the corresponding Γ 2γ (Ps − ) and Γ 3γ (Ps − ) annihilation rates.
In the three-particle Ps − ion one can also observe the process of one-photon annihilation of the electron-positron pair. For an isolated electron-positron pair the one-photon annihilation is strictly prohibited. However, a close presence of a third particle drastically changes this situation. The one-photon annihilation rate (or width) Γ 1γ is written in the form [29] (see also [16] and [28] )
where the notation δ 321 stands the expectation value of the triple delta-function (in atomic units) computed for the ground state of the Ps − ion. This value is the probability of finding all three-particles at one spatial point. 
As follows from these formulas to determine all partial and total annihilation rates we need to know the expectation values of the electron-positron delta-function δ +− and three-particle delta-function δ 321 for the ground 1 1 S−state of the Ps − ion. By using the expectation values of these delta-functions from Table II we have found the following numerical values of all mentioned annihilation rates: Γ 2γ = 2.08048530684 · 10 9 , Γ 3γ = 5.6364151625 · 10 6 , Γ 4γ = 3.0757152758 · 10 3 , Γ 5γ = 5.382786501, Γ 1γ = 3.82491558 · 10 −2 and Γ = 2.08612172200 · 10
9
(all values are given in sec −1 ). These values are slightly better than our previous values given in [30] . Different aspects of the positron annihilation of the the Ps − ion were discussed in a large number of earlier studies (see, e.g., [14] , [15] , [28] , [29] , [31] and others).
IV. PHOTODETACHMENT
Photodetachment of the Ps − ion is of great interest in applications to astrophysics and propagation of radiation in our Galaxy. As is well known the center of our Galaxy contains a number of sources of the annihilation γ−quanta with E γ ≈ 0.511 MeV (see, e.g., [4] and references therein). This indicates the presence of objects with very high (local) temperatures T ≥ 350 -400 keV and formation of large numbers of the electron-positron pairs (e − , e + ), Ps − and Ps + ions, bi-positronium Ps 2 and other polyelectron species. Photodetachment of the Ps − ion and other polyelectrons leads to very intense absorbtion of the infrared radiation in such spatial areas. Photodetachment of the Ps − ion(s) was considered in [5] , [32] . Some closely related problems, e.g., elastic electron-positronium scattering and photodetachment of the Ps − ion by a model Yukawa-type potential, were discussed in [33] and [34] , respectively.
There is a well known experimenta paper about photodetachment of the Ps − ion [35] .
To simplify theoretical analysis and numerical calculations in this study we shall apply an effective method of 'asymptotic photodetachment', or photodetachment of the Ps − ion at very large distances form the 'geometrical center' of this three-body system. This method was originally proposed by Hans Bethe in 1935 when he considered photodetachment of the deuterium nucleus. This method is based on the fact that the wavelength of the 'acting light' λ is much larger than the effective geometrical size of the system a, i.e. we always have λ ≫ a. Therefore, we can use the wave function of the Ps − ion in its asymptotic form which is defined only at very large (or asymptotic) distances between outer-most electron e − and neutral central cluster Ps. Analytical form of the wave function of the Ps − ion can be found from the following formula
where C is some numerical constant, The photodetachment cross-section σ(Ps − ) of the Ps − ion is written in the following form (derivation of this formula is discussed in [36] )
where do = sin θdθdφ is an elementary volume in spherical coordinates. where p e = p e n e and n e is the unit vector which determines the direction of propagation of the emitted photo-electron. Here and below α is the fine structure constant, a 0 is the Bohr radius and γ = √ 2I 1 . The (first) ionization potential I 1 of the Ps − ion is proportional to the difference of the total ground state energies of the Ps − ion (see Table I ) and Ps two-body system (-0.25 a.u. exactly). The exact expression also contains the factor 2 3 , i.e. 
3 sin 2 ΘdΘ (21) where sin Θ = k f ×n e and both vectors k f and n e have unit norm. For the total cross-section one finds
where C is expressed in atomic units. The formula which allows one to determine the constant C takes the from
where D r is the normalization constant for the radial part of the total wave function of the ground state of the Ps − ion, while D a is the normalization constant for the angular part of this wave function. However, there is an additional normalization constant which is defined for the angular part of the total wave function. This constant equals
. In our calculations with the use of 700 basis functions, Eq.(3), we have found that the constant C
. Now from Eq.(23) one finds C = 0.18595831 (compare with [5] ) and expression for the photodetachment cross-section takes the form
Analogous numerical computations with the use of 3500 basis functions (see Table III ) lead to the following value of C ≈ 0.1859599866 (at R = 70.5a.u.). The photodetachment crosssection is written in the form
The formulas Eqs. (24) - (25) solve the problem of the photodetachment of the Ps − ion in the 'asymptotic approximation', which is sufficient for various applications in astrophysics.
Note that the general approach to the photodetachment of the Ps − ion, i.e. approach which is not based on the 'asymptotic', long-range approximation of the wave function, has not been developed yet. In real applications this 'asymtotic' approach can be generalized to include more complex cases of the photodetachment of the Ps − ion, including semi-relativistic case and photodetachment when in the final state one finds a free electron and secondary photon of smaller energy.
V. CONCLUSION
The bound state properties of the ground state in the Ps − ion are investigated with the use of highly accurate results from recent calculations. At this moment we can conclude that the positron annihilation in the Ps-ion is a well studied phenomenon. In the next studies we plan to consider some unsolved problems which are currently known for the Ps − ion. A special attention will be given to calculation of the lowest-order QED corrections for the ground (bound) state of the Ps − ion. The lowest-order relativistic and QED corrections for the Ps − were considered in [16] , [37] and [38] . In particular, in our earlier study [16] we have determined the Bethe logarithm for the ground state in the Ps are also known to very good numerical accuracy (see, e.g., [21] and/or Table II) . However, by using these values and Bethe logarithm we cannot determine the lowest-order QED correction for the Ps − ion in the same way as we did for tow-electron atoms and ions (see, e.g., [39] ). The reason is obvious, since the corresponding 'small parameter', i.e. the ratio of the electron and positronium masses (m e and M Ps , where Ps is the central cluster), equals
The corresponding series for the lowest-order QED correction converges very slow. Currently, it is clear that any actual progress in computation of the lowest-order QED correction for the ground state in the Ps − ion can be based on the derivation of the Bethe -Salpeter equation
for weakly-bound non-Coulomb three-body systems [40] (see also discussion in [23] ).
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